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Abstract 

> 
vq ■ We reconsider the Constituent Chiral Quark Model of Manohar and Georgi in the 

£SJ | presence of SU(3)l x SU(3)r external sources. As recently emphasized by Weinberg, the 

corresponding effective Lagrangian is renormalizable in the Large-N c limit. We show, 
however, that the number of the required counterterms depends crucially on the value of 

t~^- ■ gA and it is minimized for gA = 1- We then find that with a rather small value for the 

constituent quark mass, which we fix phenomenologically to Mq = (190 ± 40)MeV, the 
model reproduces rather well the values of several well known low energy constants. We 
also comment on the limitations of the model as well as on a few exceptional applications, 
to more complicated low-energy observables, where one can expect the model to make 

k>( \ reasonably good predictions. 
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I Introduction 

The Constituent Chiral Quark Model (CxQM) [lj emerged as an attempt to reconcile the suc- 
cesses of phenomenological quark models, like the De Rujula-Georgi-Glashow model [2], with 
Quantum Chromodynamics (QCD). The corresponding Lagrangian proposed by Manohar 
and Georgi (MG) is an effective field theory which incorporates the interactions of the low- 
lying pseudoscalar particles of the hadronic spectrum, the Nambu-Goldstone modes of the 
spontaneously broken chiral symmetry (SxSB), to lowest order in the chiral expansion [3], 
and in the presence of chirally rotated quark fields which, because of the S^SB, have become 
massive. These constituent quark fields are assumed to have gluonic interactions as well but, 
since the Goldstone modes are already in the Lagrangian, the color-SU(3) coupling constant 
is supposed to be no longer running and relatively small. The hope is that such an effective 
Lagrangian encodes the essential degrees of freedom to describe Hadron Physics at energies 
below the chiral symmetry breaking scale but above the confinement regime. 

It is fair to say, however, that in spite of some efforts (see e.g. ref. [3] and refer- 
ences therein), it has not been possible to establish the approximations at which the MG- 
Lagrangian could be derived from the underlying QCD theory. It can be shown to be a 
particular case of the Extended Nambu Jona-Lasinio (ENJL) Model [5j |6], but this only 
translates the problem of its derivation from first principles to yet another level. 

A question to ask which may perhaps be simpler to answer is what are the approximations 
at which these low-energy models like the MG-model and the ENJL-model could follow from 
QCD in the limit of a large number of colours N c [7]. This is a limit where the hadronic 
spectrum of QCD consists of an infinite number of narrow states |8j . In that respect what has 
been shown [9] is that, in the ENJL-Model, when the unconfining QQ pairs of constituent 
quarks which contribute to the physical spectral functions, and which violate the QCD Large- 
Nc counting rules, are removed by adding an appropriate series of local counterterms, what 
results is an effective Resonance Chiral Lagrangian with three narrow states: V(vector), 
A(axial- vector) and S(scalar) of the type discussd in refs. [T0l[TT]. These Resonance Chiral 
Lagrangians, and their extensions (see e.g. ref. [12J and references therein), can then be 
viewed as simplified versions of the Large-N c QCD Hadronic Lagrangian when limited to 
a finite number of states. Integrating out the heavy V, A and S states results in specific 
predictions for the 0(p ) couplings of the chiral Lagrangian [13J as well as for the higher 
order terms. When confronted with the phenomenological determinations of these couplings, 
the predicted values turn out to be rather good (see e.g. ref. [6]). 

In full generality, the couplings of the Effective Chiral Lagrangian of the Strong Inter- 
actions can be identified with the coefficients of the Taylor expansion of appropriate QCD 
Green's Functions. By contrast, most of the couplings of the Effective Chiral Lagrangian of 
the Electroweak Interactions correspond to integrals over all the range of euclidean momenta 
of appropriate two-point functions with soft insertions of local operators. Their determi- 
nation, therefore, requires a precise matching of the short-distance and the long-distance 
contributions to the underlying QCD Green's functions, which effective Lagrangians like the 
MG and the ENJL-models do not provide in general. It is because of this that, in phe- 
nomenological applications, they have progressively been replaced by a more direct approach 
where the relevant Green's functions are approximated by a finite number of the Large-N c 
QCD narrow states. Here, the methodology (see ref. |14] for a review), consists in fixing 
the couplings and masses of a minimal ansatz of narrow states which approximate a specific 
Green's function in such a way that, on the one hand the short-distance behaviour predicted 
by the operator product expansion (OPE) [15] of the underlying Green's function in Large-N c 



QCD is satisfied and, on the other hand, the long-distance behaviour constraints governed 
by the Effective Chiral Lagrangian of the Strong Interactions are satisfied as well. This ap- 
proach has led to a remarkable set of interesting predictions for some of the couplings of the 
Electroweak Lagrangian in the chiral limit (two representative references are [16} \T7\ ) . The 
incorporation of chiral corrections, however, becomes technically rather cumbersome and, 
above all, the question of the reliability of the approximation with a finite number of narrow 
states to Large-N c QCD remains open (see e.g. ref. [18J). 

Concerning the matching between long and short-distances, we would like to point out 
that there is, however, a class of low-energy observables, governed by integrals of specific 
QCD Green's functions, for which the MG-Lagrangian predictions, in spite of its limitations, 
could be rather reliable. This is the case when the leading short-distance behaviour of 
the underlying Green's functions of a given observable is governed by perturbative QCD. 
Interesting examples of this class of observables are the Hadronic Vacuum Polarization and 
the Hadronic Light-by-Light Scattering contributions to a low-energy observable like the 
anomalous magnetic moment of the muon: ^(ff^ — ^)- Furthermore, as recently pointed out 
by Weinberg [19], the MG-Lagrangian in the Large-N c limit, modulo the addition of a finite 
number of local counterterms, is a renormalizable Lagrangian. Calculations with the MG- 
Lagrangian, compared to those with the more sophisticated approaches described above, have 
the advantage of simplicity and, when applied to this class of low-energy observables, can 
provide a check to the more elaborated phenomenological approaches. These are the reasons 
which, in our opinion, justify a reconsideration of the MG-Lagrangian. 

We have organized this paper in the following way. The effective Lagrangian of the CxQM 
we propose, which also incorporates couplings to external sources, is described in the next 
section. The corresponding predictions for the 0(p i ) couplings in the chiral expansion [13] 
are discussed in Section III, where we also present a discussion on the phenomenological 
determination of the constituent quark mass Mq . Section IV is dedicated to the study of the 
Left-Right Correlation function in the CxQM where both the resulting good and bad features 
are discussed. Finally, the discussion of the 7r° — > e + e~ decay in the CxQM is discussed in 
Section V. We summarize our conclusions in Section VI. 

II The Effective Lagrangian 

We propose to consider the following effective Lagrangian: 
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The underbraced terms are those of the MG-Lagrangian, but in the presence of external 
SU(3) vector v^(x) and axial-vector a fl (x) sources. The field matrix U(x) is a 3x3 unitary 
matrix in flavour space which collects the Goldstone fields and which under chiral SU(3)l x 



SU(3)r rotations (Vl,Vr) transforms as U — >■ VrUVl- The vector field matrix D^U is the 
covariant derivative of U with respect to the external sources: 

D^U = d^U - ir^U + iUl^ , l^ = v^ - a M , r fl = v^ + a^, (2.2) 

and, with U = ££, 



r M- 2 



e f (^-^)e + e(^-^K f , £„ = * ZHdn-irJZ-tidr-iljg . (2.3) 



The gluon field matrix in the fundamental representation of color SU(3) is G^x) and G^J (x) 
its corresponding gluon field strength tensor. The presence of external scalar s(x) and pseu- 
doscalar p(x) sources induces the extra terms proportional to 

X = 2B[s(x) + ip(x)} , (2.4) 

where B, like F n , is an order parameter which has to be fixed from experiment. When these 
sources are frozen to the up, down, and strange light quark masses of the QCD Lagrangian, 

X = 2BA4 , with M. = diag(m u , rrid , m s ) , (2-5) 

and then 

E = gM& + £M^, A = &M& - £M^ . (2.6) 

With the axial coupling fixed to qa = 1, the extra couplings L5 and L% are the only terms 
which are needed to absorb the ultraviolet (UV) divergences when the constituent quark fields 
Q(x) are integrated out|j. If one wants to consider the case where photons are also integrated 
out then, to leading order in the chiral expansion and in the electric charge coupling e, the 
last term in the second line is also required to absorb further UV-divergences. This term 
will be discussed in detail in Section IV. Loops involving pion fields are subleading in the 
l/N c -expansion and hence, following the observation of Weinberg in ref. [19] . the Lagrangian 
in Eq. (12. If) . when considered within the framework of the large-N c limit, is a renormalizable 
Lagrangian. 

Notice that, if the heavy constituent quark fields are integrated out with the value of qa 
left as a free parameter |20j . the resulting 0(p 4 ) couplings of the chiral Lagrangian, i.e. the 
L{ of the Gasser-Leutwyler Lagrangian [13], all become UV-divergent □ and, therefore, the 
predictive power of the effective Lagrangian in Eq. (]2.ip . seen as a renormalizable Lagrangian, 
becomes rather restricted. Weinberg in his recent paper |19j has only considered the chiral- 
SU(2) case without external sources and this is why with g^ left as a free parameter he finds 
that only two counterterms are needed in that case. With the choice qa = 1 these two terms 
have finite couplings. 

Ill Predictions of the Effective Lagrangian and the Value of Mq 

We wish to discuss some of the predictions of the Lagrangian in Eq. ()2.ip . Integrating 
out the heavy constituent quark fields results in an effective Lagrangian where only the 
Goldstone modes are active. If the CxQM, or its version in Eq. (|2.ip with qa = 1, is a 
good effective Lagrangian of QCD, the resulting chiral Lagrangian of Goldstone modes alone 



3 We disregard divergent couplings involving external fields alone to lowest order in the chiral expansion. 



See ref. [6] for a detailed discussion 



should reproduce, in particular, the phenomenological determination of the 0(p 4 ) Gasser- 
Leutwyler low energy couplings. This integration was done in ref. [I] and the fact is that, 
with gA = 1, the resulting constants which are leading in the l/N c -expansion and do not 
involve external scalar and/or pseudoscalar sources, turn out to be finite and reproduce rather 
well the phenomenological values of the Lj-constants: 

Had we used a value of gA ^ 1, these constants will all be dominated by logarithmically 
divergent terms proportional to gA. — 1 and, hence, within Weinberg's framework of a renor- 
malizable Lagrangian |19j . their corresponding couplings would have to be added as explicit 
counterterms, with a corresponding lost of predictive power. 

Notice that the results in Eq. (|3.ip do not depend on the value of the constituent quark 
mass Mq. The dependence on Mq appears at C?(p 6 ) or higher in the chiral expansion. What 
is the value of Mq that should be used in phenomenological applications? The underlying 
physical picture seems to us as follows: because of confinement, the Lagrangian in Eq. ()2,ip 
cannot be trusted to evaluate QCD Green's functions in regions where QQ pairs can be 
produced as free states. On the other hand, integrals of QQ pairs in the Minkowski region 
are related via dispersion relations to values of Green's functions in the Euclideann region 
where, at low momenta, the effective theory is expected to predict reasonable results, like 
e.g. the Lj-constants above. Increasing Mq is equivalent to pushing the QQ threshold in 
the Minkowski region to higher and higher values, which means increasing the mass gap 
between the massless Goldstones and the underlying hadronic spectrum. The mass gap in 
the hadronic world is provided by the p-mass which is ~ 800 MeV. This suggests 2Mq < M p 
as an upper bound for Mq. However, in the dispersion relation obeyed by the effective field 
theory, the area provided by the "unconfined" shape of the QQ pairs in the Minkowski region 
should match approximatively the phenomenological one provided by the p-narrow state. In 
order to guarantee this matching one then has to lower the QQ threshold with respect to 
M p . Let us discuss this duality argument more quantitatively. 

We suggest considering the hadronic vacuum polarization due to the electromagnetic 
interactions of the light quarks 

ijd^xe-^iO | T (J™(x)J™(0)) | 0) = {k^ku - g^k 2 )U( R \k 2 ) , (3.2) 

where J M em = ^ujf/u — \d^ p d — ^sj^s. More precisely, let us consider the slope at the origin 
of the correlation function II ' >(k 2 ) i.e. 



dU^(k 2 ) 



dk 2 



= r | ilmnW (t) . (3.3) 
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which is an 0(p 6 ) observable in the chiral expansion. We then ask that the phenomenological 
value for the slopeprovided by the narrow width p-dominance approximation to the hadronic 
spectral function El : 

-IirJlW (t) s \e 2 2f 2 M 2 5(t - M 2 ) , (3.4) 



7T 



The overall factor 2/3 comes from modulating the electric charge squared by the sum of the u, d and s 
quark charges and f p is the p to vacuum coupling constant related to the electronic width of the p-meson: 

p 47TQ ("2 Ttr 

1 p->e+e- — 3 Jp Ivl P-- 



matches the slope predicted by the CxQM. This fixes Mq as follows 



«a-§w^ 2 . < 3 - 5 > 



which for the observed values of f p and M p , with their errors [21], results in a rather low 



ip a,llu - ±v± p 
mass: 

Mq ~ (194 ± 24) MeV . (3.6) 

We then suggest to take this estimate as the value of Mq , to which we add in quadrature a 
typical Large— N c error ~ jf- = 20% and round numbers to: 

M Q = (190 ±40) MeV. (3.7) 

Let us now discuss other predictions of the CxQM and see if they can be digested with 
this range of values for Mq when confronted to the phenomenological determinations. 

IV The Left Right Correlation Function 

This is the Green's function 

U^(q) = 2% f d 4 xe iqx (0 | T (l»(x)R v (0)^ | 0} (4.1) 

of left and right currents: 

L^(x) = J(x) 7 ^(l - 7 5 )n(x) and IV {x) = J(x)Y*|(l + J 5 )u(x) . (4.2) 

In the chiral limit where the light quark masses are set to zero (Q 2 = — q 2 > for q 2 spacelike) 

n^(g) = W - 9» u q 2 )n hK (Q 2 ) , (4.3) 

and the self-energy function Hlr(Q 2 ) vanishes order by order in perturbation theory; it 
becomes an order parameter of the spontaneous breakdown of chiral symmetry for all values 
of the momentum transfer [221 [23] . 

The Taylor expansion of H-lr(Q 2 ) at low Q 2 values is governed by successive couplings of 
the effective chiral Lagrangian of QCD: 

-Q 2 n LR (Q 2 ) ~ F 2 + 4L 10 Q 2 + 8C 87 Q 4 + 0(Q 6 ) , (4.4) 

Q 2 -^0 

where F n is the pion coupling constant (to be identified with the F n which appears in the 
second line of Eq. (|2.ip ) and L\q is the coupling which, for g& = 1, the CxQM predicts the 
value in Eq. (|3.ip i.e. 

Lio= 4i^ = - 3 - 2xi0 " 3 ' (45) 

to be compared with the phenomenological determination |24] 

L r w (M p ) = -(4.05 ± 0.39) x 10" 3 , (4.6) 

of the renormalized coupling at the p-mass scale. 



The constant C$7 corresponds to a specific coupling of 0(p 6 ) [25J. It has also been 
determined phenomenologically, using data from hadronic r decays, with the result [21] 



C S7 {M p ) = (4.88 ± 0.13) x 10~ d GeV 
The CxQM prediction for Mq = (190 ± 40) MeV is 



r-2 



C87 = 



N c 1 
16vr 2 120M 2 



(4.4 ±1.8) x 10~ 3 GeV 



(4.7) 



(4i 



We, therefore, conclude that the CxQM predictions for Liq and Cs7, considered as a first 
estimate, are rather good . 

In principle, due to the fact that TIlr{Q 2 ) is an order parameter of SxSB, one expects 
the predictions of the CxQM to the low-Q 2 behaviour of this function to become worse and 
worse as the power of the Q 2 series, corresponding to higher and higher couplings in the chiral 
expansion, increases. Related to that is the presence of the coupling e 2 C ^(QrUQlU^) in 
Eq. (12. ID . This is the coupling which gives a mass of electromagnetic origin to the charged 
pion in the chiral limit, and it is fixed by the integral [261 127] 
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dQ 2 [-Q 2 n LR (Q 2 )] 



In QCD this integral converges in the ultraviolet because [15 

\2 



lim II LR (Q 2 )~0 
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while in the CxQM 
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and for large Q 2 

- Q 2 n LR (Q 2 ) 
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which fails, dramatically, to match the QCD short-distance behaviour. As a result the 
integral in Eq. (|4.9p diverges quadratically in the CxQM. This is why one needs the explicit 
local coupling e 2 C ^(QrUQlII^) in the low energy effective Lagrangian with a coupling C 
which, like F n and B, has to be fixed phenomenologically. 

There is in fact another observation one can make from this result. It has to do with the 
fact that in QCD [281 E£2] 



Q 2 n LR (Q 2 ) > for < Q 2 < 00 , 



(4.13) 



which in particular ensures the positivity of the integral in Eq. (J4.9J) and thus the stability of 
the QCD vacuum with respect to small perturbations induced by electromagnetic interactions. 
The CxQM, however, does not satisfy this positivity constraint since eventually, at asymp- 
totically large-Q 2 values, — Q 2 Hlr(Q 2 )\ c om becomes negative. In fact for Mq ~ 200 MeV 
this already occurs at Q ~ 2 GeV. This failure of the CxQM is quite a generic one; it is likely 
to happen whenever one has to deal with integrals over the whole euclidean range of Green's 
functions which are order parameters of SxSB. This is why it is difficult to attribute much 
significance to calculations of most of the couplings of the electroweak hadronic Lagrangian 
which, in the literature, have been made within the framework of constituent chiral quark 
inspired models. 

The most in the previous paragraph means that there are, however, exceptional cases, as 
already mentioned in the introduction. The next section is dedicated to one such case. Other 
exceptional cases are the contributions to g^ — 2 from hadronic vacuum polarization, from the 
iv77-triangle, and from hadronic light-by-light scattering. These other contributions have 
also been calculated in the CxQM and will be discussed in detail in a forthcoming paper [30] . 

V The Decay vr° -► e+e in the CxQM. 

The discussion of this process from the point of view of the low energy effective chiral La- 
grangian of QCD, can be found in ref. |31j . The transition amplitude is dominated by the 
exchange of two intermediate photons and, hence, it is convenient to consider its decay rate 
normalized to the one of the tt° — > 77 decay rate (with N c = 3): 

(tt° ^e+e-) _ n /a\2 m 2 e Qf 2 



Br s rfro^-n) = 2 U W mi) ' A(Mi) ' ' (5 ' 1) 



where /3(s) = v/l -^ and A(M£) a dynamical amplitude which, to lowest order in the 

chiral expansion, has the form 



«.)-* 



3 . f rn 2 \ 5 _. . 
2 10 H^J"2 +C(S) 



X{») ■ (5-2) 



Here the function C(s) results from the calculation of the triangle loop with the Adler, Bell- 
Jackiw point-like 7r°77 coupling. This loop is divergent and the //-scale in the log-term 
is the one associated to the loop amplitude renormalized in the MS-scheme of dimensional 
regularization. ThenLj, for s < and Li2(a;) = — fn(dt/t) log(l — t), 



C(s) 



f}{8) 



P(S)~1\ , 7H 1. ofP(s 



Li 2 n , ^ + ^T + 7 lo § 



P(s) + lJ 3 4° \P(s) + l 



(5.3) 



The coupling x(^) is a renormalized coupling constant related to the two couplings xi and 
X2 which, to lowest order in the chiral expansion, describe the direct local interactions |32] 
of Goldstone fields with leptons (I = e,/x): 

3 /a\ 2 - 
£ui+l-W = i— (-) l(x)^j 5 l(x)x 

Xitr (QrQrD^U U^-Q L Q L D^ U)+ X 2tr (u^QrD^UQl-UQlD^Qr)] . (5.4) 



The expression for s > is the one which follows from analytic continuation with the usual ie-prescription. 



In fact: x = ~\{xi + X2) and the scale dependence of the renormalized coupling x(m)) m 
the same MS-scheme of dimensional regularization, cancels with the one in the log-term in 
Eq. JS2J. 
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Fig. 1 Plot of the Branching Ratio in Eq. \5. 1}) versus x(M p ). 



The predicted branching ratio in Eq. (I5.1J) as a function of x a t the scale of the /7-mass is 
shown in Fig. 1. The experimental value of Br 1211 : 



Br = (6.54 ± 0.33) x 10 -8 , 



(5.5) 



is also shown in Fig. 1 (the horizontal strip). This fixes a twofold solution for x(Af„), one 
negative the other positive. Let us now discuss what theory predicts for this x~ cou pli n g- 
The underlying Green's function of this process is the correlation function |31| : 



d 4 x ^ye iqi - x e iq2 - y (0 | T(J/ m (x)J^ m (y)P (3) (0)) | 0) 






•^r 7*7* [(<7l +Q2) , Q\ , #2] ) 



(5.6) 



where P^ = (ui>y 5 u - dij 5 d)/2 and J^o^* [(<?i + q 2 ) 2 , q 2 , q 2 ] = Jvo^* [(<?i + q 2 ) 2 , q\, q\\ is 
the off-shell 7r°77 form factor. The coupling x(m) is then given by the residue of the pole of 
the matrix element 



<e(p') I P (3) (0) I e(p)> at (p' - p) 2 = , 



(5.7) 



after subtraction of the two on-shell photon loop. Keeping only the contributions that do 
not vanish as (p' — p) 2 —¥ and neglecting terms of 0(m 2 /A^) where Ah denotes a scale of 
hadronic origin, one gets 



xM=-ii(l-l) lim (**- 

32tt 4 V dj (p'-p)^oJ (2vr) d \k 2 

x {-^VVt* [ip' ~ pf, k 2 , (p -p- k) 2 } - J' 7r o 7n *[(p / - p) 2 , 0, 0]} 



(5.8) 



If now one assumes that the underlying dynamics is governed by the CxQM we simply 
have to introduce the expression 



7r u 7*7**- ' ' I 127T / 



rCxQM , 
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(5.9) 



in Eq. (|5.8H . This expression has the correct QCD normalization at the origin; however, in 
the deep euclidean region it behaves as 



rCxQM . 



2 u2\ 



J^™ m (0,k\k 



N r . Ml 



log 



-k 2 
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while, as shown in ref. [31], the asymptotic behaviour predicted by the OPE, is 

2 Fl 



(5.10) 



•^Vo-,*^ (0, k ,k ) 



-fc 2 ^oo 3 —k 2 



(5.11) 



however, unlike the case of the Left-Right Correlation Function, this mismatch is not too 
bad. Proceeding ahead with the CxQM form factor in Eq. (15 .9p results in 



x C X QM (/x) = _, , lQg 



Nc 
2 



/' 



7 



MA 6 



(5.12) 



and therefore, with Mq = (190 ± 40) MeV and \x = M p , which is the appropriate choice of 
scale so as to compare with previous estimates, we get 



X 



C X QM 



(M p ) = 2.5 ±0.6, 



(5.13) 



remarkably close to the lowest meson dominance approximation to Large-iV c estimate made 
in ref. [31]: x LMD (^ P ) = 2.2 ± 0.9. 
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Fig. 2 Predicted Br in Eq. {51]) versus the value ofx CxQM (M p ) in Eq. (5773)) . 



Figure 2 shows the branching ratio in Eq. (15. ip predicted by the CxQM value of x(M p ) in the 
range corresponding to Eq (|5.13p . The predicted Br is to be compared with the experimental 
value in Eq. (|5.5p . We conclude that the C%QM does very well in digesting the tt° — > e + e~ 
decay rate, with a constituent quark mass in the range: Mq = (190 ± 40) MeV. 



VI Conclusions. 

From the previous considerations we conclude that the simple CxQM Lagrangian of Eq. (|2.ip . 
with qa = 1, does rather well as an effective Lagrangian of Large-N c QCD at low energies. As 
emphasized by Weinberg, it has the nice feature that, to leading order in the Large-N c limit, 
it is a renormalizable Lagrangian and, with g^ = 1, only a few counterterms are needed. The 
predicted values of the five 0{p A ) Gasser-Leutwyler couplings, which for g& = 1 are finite, 
are within the bulk of the phenomenological determinations. 

We have presented a duality argument to fix the constituent quark mass and found a value 
in the range Mq = (190 ±40) MeV. With this determination we find that the C^QM predic- 
tion for the 0{p & ) coupling C%-j reproduces rather well the phenomenological determination 
from hadronic r-decays. 

We have also discussed the limitations of the model as well as the exceptional cases of 
applications to low-energy observables involving the integration of Green's functions over the 
full range of euclidean momenta, where the model can still be expected to produce reasonable 
predictions. The decay 7r° — >• e + e~ is one such example which we have discussed in detail. 
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